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Abstract. The purpose of this paper is to consider a system of N-fixed point equations in metric
spaces. The existence and uniqueness of solution and an iterative algorithm for approximating
the solution are studied. This system of N-fixed point equations is an extension of the classical of
fixed point equation x = T x. The results of this paper improve several important works recently
published in the literature.
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1. INTRODUCTION
Banach’s contraction principle is one of the most powerful tools in applied non-
linear analysis. Weak contractions (also called φ-contractions), as generalizations of
Banach contraction mappings, have been studied by several authors. Let T be a self-
map of a metric space (X ,d) and φ : [0,+∞)→ [0,+∞) be a function. We say that T
is a φ-contraction if
d(T x,Ty)≤ φ(d(x,y)), ∀ x,y ∈ X .
In 1968, Browder [2] proved that if φ is non-decreasing and right continuous and
(X ,d) is complete, then T has a unique fixed point x∗ ∈ X and lim
n→∞
T nx0 = x∗ for any
given x0 ∈ X . Subsequently, this result was extended in 1969 by Boyd and Wong [1]
by weakening the hypothesis on φ, in the sense that it is sufficient to assume that φ
is right upper semi-continuous and not necessarily monotone. For other results of
this type see also [3]. For a comprehensive study of relations between several such
contraction type conditions, see [7] and [8].
On the other hand, in 2015, Su and Yao [14] proved the following generalized
contraction mapping principle.
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Theorem 1. Let (X ,d) be a complete metric space. Let T : X → X be a mapping
such that
ψ(d(T x,Ty))≤ φ(d(x,y)), ∀ x,y ∈ X , (1.1)
where ψ,φ : [0,+∞)→ [0,+∞) are two functions satisfying the conditions:




an→ ε, bn→ ε
⇒ ε = 0.
Then, T has a unique fixed point and, for any given x0 ∈ X, the iterative sequence
T nx0 converges to this fixed point.
In particular, the study of the fixed points and coupled fixed points for weak con-
tractions and generalized contractions was extended to partially ordered metric spaces
in [4–6, 10–12, 15]. Among them, some results involve altering distance functions.
Such functions were introduced by Khan et al. in [9], where some fixed point theor-
ems are presented.
Recently, Y. Su, A. Petruşel and J. C. Yao [13] proved a multivariate contraction
mapping principle in complete metric spaces.
The purpose of this paper is to consider a of system of N-fixed point equations in
metric spaces. The existence and uniqueness of solution and the iterative algorithm
of solution are studied. We notice that the system of N-fixed point equations is a
generalized form of the fixed point equation x= T x. The results of this paper improve
several important works published recently in the literature.
2. A SYSTEM OF NONLINEAR EQUATIONS WITH CONTRACTION TYPE
OPERATORS
We will start the section with some concepts and results which are useful in our
approach.
Definition 1. A multiply metric function4(a1,a2, · · ·,aN) is a continuous N vari-
ables non-negative real function with the domain
{(a1,a2, · · ·,aN) ∈ RN : ai ≥ 0, i ∈ {1,2,3, · · ·,N}}
which satisfies the following conditions:
(1) 4(a1,a2, · · ·,aN) is non-decreasing for each variable ai, i ∈ {1,2, ··,N},
(2) 4(a1 +b1,a2 +b2, · · ·,aN +bN)≤4(a1,a2, · · ·,aN)+4(b1,b2, · · ·,bN),
(3) 4(a,a, · · ·,a) = a,
(4) 4(a1,a2, · · ·,aN)→ 0⇔ ai→ 0, i ∈ {1,2,3, · · ·,N},
(5) 4(a1,a2, · · ·,aN) =4(ai1 ,ai2 , · · ·,aiN ),
for all ai,bi,a ∈ R, i ∈ {1,2,3, · · ·,N}, where ai1 ,ai2 , · · ·,aiN is an arbitrary permuta-
tion of elements a1,a2, · · ·,aN .
The following are some basic examples of multiply metric functions.
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qiai, where qi ∈ [0,1), i ∈ {1, · · · ,N}













Example 4. 44(a1,a2, · · ·,aN) = max{a1,a2, · · ·,aN}.
An important concept is now presented.
Definition 2. Let (X ,d) be a metric space, T : XN→ X be a N-variables mapping,
an element p ∈ X is called a multivariate fixed point (or a fixed point of order N, see
[13]) of T if
p = T (p, p, · · ·, p).
In what follows, we recall the following theorem which is a generalization of
Banach’s contraction principle. This theorem was proved by Y. Su, A. Petruşel and
J. C. Yao in 2016, see [11].
Theorem 2. Let (X ,d) be a complete metric space and T : XN → X be a N-
variables mapping for which there exists h ∈ (0,1) such that the following condition
holds
d(T x,Ty)≤ h4(d(x1,y1),d(x2,y2), · · ·,d(xN ,yN)), ∀ x,y ∈ XN ,
where4 is a multiply metric function.
Then, T has a unique multivariate fixed point p ∈ X and, for any p0 ∈ XN , the
iterative sequence {pn} ⊂ XN defined by
p1 = (T p0,T p0, · · ·,T p0)
p2 = (T p1,T p1, · · ·,T p1)
· · ·
pn+1 = (T pn,T pn, · · ·,T pn)
converges, in the multiply metric4, to (p, p, · · ·, p) ∈ XN and the iterative sequence
{T pn} ⊂ X converges, with respect to d, to p ∈ X .
In this article, we will extend Banach’s contraction principle in another direction.
446 YONGFU SU, YINGLIN LUO, ADRIAN PETRUŞEL, AND JEN-CHIH YAO
Definition 3. Let (X ,d) be a metric space, T : XN→ X be a N-variables mapping,
we consider the following N-variables system of equations:
T (x1,1,x1,2, · · ·,x1,N) = x1,
· · ·
T (xi,1,xi,2, · · ·,xi,N) = xi,
· · ·
T (xN,1,xN,2, · · ·,xN,N) = xN ,
(2.1)
The system of equations (2.1) is said to be system of N-fixed point equations, where
xi,1,xi,2, · · ·,xi,N , i = 1,2, · · ·,N and x1, j,x2, j, · · ·,xN, j, j = 1,2, · · ·,N are the permuta-
tions of elements x1,x2,x3, · · · ,xN .




n! systems of equations.




n! = 2! · 1! = 2 systems of coupled
fixed point operator equations, i.e., the following systems{
T (x1,x2) = x1
T (x2,x1) = x2
{
T (x1,x2) = x2
T (x2,x1) = x1.
Example 5. Let (X ,d) be a metric space and T : XN→ X . We consider the follow-
ing systems of equations: 
T (x1,x2, · · ·,xN) = x1,
T (x2,x3, · · ·,x1) = x2,
· · ·
· · ·
T (xN ,x1, · · ·,xN−1) = xN ,
(2.2)
and 
T (x1,x2, · · ·,xN) = xN ,
T (x2,x3, · · ·,x1) = x1,
· · ·
· · ·
T (xN ,x1, · · ·,xN−1) = xN−1.
(2.3)
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The above systems of equations are also special forms of a system of N-fixed point
equations. Moreover, the system (2.3) can be re-written as
T (x2,x3, · · ·,x1) = x1,
T (x3,x4, · · ·,x2) = x2,
· · ·
· · ·
T (xN ,x1, · · ·,xN−1) = xN−1,
T (x1,x2, · · ·,xN) = xN ,
(2.4)
In what follows, we prove our first main theorem, which generalizes Banach’s
contraction principle. We need first the following auxiliary notions and results.
Definition 4. Let (X ,d) be a complete metric space and define the following mul-
tiply metric D given by
D((x1, · · ·,xN),(y1, · · ·,yN)) =4(d(x1,y1), · · ·,d(xN ,yN))
for all (x1, · · ·,xN), (y1, · · ·,yN) ∈ XN .
Notice that the functional D is a metric on XN . Indeed, the following two condi-
tions are obvious:
(i) D((x1, · · ·,xN),(y1, · · ·,yN)) = 0⇔ (x1, · · ·,xN) = (y1, · · ·,yN);
(ii) D((y1, · · ·,yN)),(x1, · · ·,xN) = D((x1, · · ·,xN),(y1, · · ·,yN)),
for all (x1, · · ·,xN),(y1, · · ·,yN) ∈ XN .
Next we prove the triangular inequality. For all
(x1, · · ·,xN),(y1, · · ·,yN),(z1, · · ·,zN) ∈ XN ,
from the definition of4, we have that
D((x1, · · ·,xN),(y1, · · ·,yN)) =4(d(x1,y1), · · ·,d(xN ,yN))
≤4(d(x1,z1)+d(z1,y1), · · ·,d(xN ,zN)+d(zN ,yN))
≤4(d(x1,z1), · · ·,d(xN ,zN))+4(d(z1,y1), · · ·,d(zN ,yN))
= D((x1, · · ·,xN),(z1, · · ·,zN))+D((z1, · · ·,zN),(y1, · · ·,yN)).
Moreover, if the metric space (X ,d) is complete, then we can prove that (XN ,D) is a
complete metric space. Indeed, let {pn} ⊂ XN be a Cauchy sequence, then we have
lim
n,m→∞
D(pn, pm) = lim
n,m→∞
4(d(x1,n,x1,m), · · ·,d(xN,n,xN,m)) = 0,




d(xi,n,xi,m) = 0, ∀i ∈ {1,2,3, · · ·,N}.
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Hence each {xi,n} (i∈ {1,2, · · ·,N}) is a Cauchy sequence. Since (X ,d) is a complete
metric space, there exist x1,x2, · · ·,xN ∈ X such that, for all i ∈ {1,2, · · ·,N} we have
lim
n→∞
d(xi,n,xi)= 0. Therefore lim
n→∞
D(pn,x)= 0, where x=(x1,x2, · · ·,xN)∈XN . Thus,
the pair (XN ,D) is a complete metric space.
Theorem 3. Let (X ,d) be a complete metric space and T : XN → X be a N-
variables mapping for which there exists h ∈ (0,1) such that, for all
x = (x1, · · ·,xN), y = (y1, · · ·,yN) ∈ XN , the following condition is satisfied:
d(T x,Ty)≤ h4(d(x1,y1), · · ·,d(xN ,yN)),
where4 is a multiply metric function.
Then, the system of N-fixed point equations (2.1) has a unique solution
p = (p1, · · ·, pN) and for any u0 = (x01, · · ·,x0N) ∈ XN , the Picard iterative sequence
{un} ⊂ XN defined by un := T n∗ (u0) converges, with respect to the multiply metric D,
to p ∈ XN , where the operator T∗ : XN → XN is defined by
T∗ : (x1,x2, · · ·,xN) 7→ (X1,X2, · · · ,XN),
where X1 := T (x1,1,x1,2, · · · ,x1,N), X2 := T (x2,1,x2,2, · · · ,x2,N), · · · , and XN :=
T (xN,1,xN,2, · · · ,xN,N).
Proof. We consider on XN the define multiply metric D given in Definition 4.
We prove that T∗ is a contraction from (XN ,D) into itself. Observe that, for any
x = (x1,x2, · · ·,xN),y = (y1,y2, · · ·,yN) ∈ XN , we have that
D(T∗x,T∗y) = D((T (x1,1,x1,2, · · ·,x1,N), · · ·,T (xN,1,xN,2, · · ·,xN,N)),
(T (y1,1,y1,2, · · ·,y1,N), · · ·,T (xN,1,xN,2, · · ·,xN,N)))
=4(d(T (x1,1,x1,2, · · ·,x1,N),T (y1,1,y1,2, · · ·,y1,N)),
d(T (x2,1,x2,2, · · ·,x2,N),T (y2,1,y2,2, · · ·,y2,N)),
d(T (xN,1,xN,2, · · ·,xN,N),T (yN,1,yN,2, · · ·,yN,N)))
≤4(h4(d(x1,1,y1,1),d(x1,2,y1,2), · · ·,d(x1,N ,y1,N)),
h4(d(x2,1,y2,1),d(x2,2,y2,2), · · ·,d(x2,N ,y2,N)),
h4(d(x3,1,y3,1),d(x3,2,y3,2), · · ·,d(x3,N ,y3,N))),
· · · · · · ,
h4(d(xN,1,yN,1),d(xN,2,yN,2), · · ·,d(xN,N ,yN,N)))
From the conditions (1), (5) of4, we have
4(h4(d(x1,1,y1,1),d(x1,2,y1,2), · · ·,d(x1,N ,y1,N)),
h4(d(x2,1,y2,1),d(x2,2,y2,2), · · ·,d(x2,N ,y2,N)),
h4(d(x3,1,y3,1),d(x3,2,y3,2), · · ·,d(x3,N ,y3,N))),
· · · · · · ,
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h4(d(xN,1,yN,1), d(xN,2,yN,2), · · ·,d(xN,N ,yN,N)))
= h4(d(x1,1,y1,1),d(x1,2,y1,2), · · ·,d(x1,N ,y1,N))
= hD((x1,x2, · · ·,xN),(y1,y2, · · ·,yN))
= hD(x,y).
Hence
D(T∗x,T∗y)≤ hD(x,y), for all x,y ∈ XN .
By Banach’s contraction principle, we obtain that there exists a unique element p =
(p1, · · ·, pN) ∈ XN such that p = T∗p and, for any element u0 ∈ XN , the iterative
sequence un = T n∗ (u0) converges, in the multiply metric D, to p. That is
T∗(p1, p2, p3, · · ·, pN) = (p1, p2, p3, · · ·, pN).
From the definition of T∗, we have
T∗(p1, p2, p3, · · ·, pN) = (P1,P2,P3, · · ·,PN),
where
P1 = T (p1,1, p1,2, · · ·, p1,N),
P2 = T (p2,1, p2,2, · · ·, p2,N),
· · · ,
PN = T (pN,1, pN,2, · · ·, pN,N).
Therefore, the vector p = (p1, p2, · · ·, pN) ∈ XN is the unique solution of the system
of N-fixed point equations (2.1). This completes the proof. 
Notice that taking N = 1,4(a) = a in Theorem 3, we obtain Banach’s contraction
mapping principle. Some other consequences of the above general result are the
following corollaries.
Corollary 1. Let (X ,d) be a complete metric space and T : X × X → X be a
mapping for which there exists h ∈ (0,1) such that
d(T x,Ty)≤ h4(d(x1,y1),d(x2,y2)), ∀ x = (x1,x2),y = (y1,y2) ∈ X×X ,
where4 is a multiply metric function.
Then, the system of coupled fixed point equations{
T (x1,x2) = x1,
T (x2,x1) = x2.
has a unique solution p = (p1, p2) and for any u0 = (x01,x
0
2)∈ X2, the Picard iterative
sequence {un} ⊂ XN defined by un = T n∗ (u0) converges, in the multiply metric D, to
p ∈ X2, where the operator T∗ : X2→ X2 is defined by
T∗ : (x1,x2) 7→ (T (x1,x2),T (x2,x1)).
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Another consequence follows if we consider the multiply metric given in Example 3.
Corollary 2. Let (X ,d) be a complete metric space, T : XN→ X be a N-variables






d(xi,yi), ∀x = (x1,x2, · · · ,xN),y = (y1,y2, · · · ,yN) ∈ XN .
Then, the system of N-fixed point equations (2.1) has a unique solution p =
(p1, p2, · · · , pN) and, for any u0 = (x01,x02, · · · ,x0N)∈XN , the Picard iterative sequence
{un} ⊂ XN defined by un = T n∗ (u0) converges, in the multiply metric D, to p ∈ XN ,
where the operator T∗ : XN → XN is defined by
T∗ : (x1,x2, · · ·,xN) 7→ (X1,X2, · · ·,XN),
where
X1 = T (x1,1,x1,2,x1,3, · · ·,x1,N),
X2 = T (x2,1,x2,2,x2,3, · · ·,x2,N),
· · · ,
XN = T (xN,1,xN,2,xN,3, · · ·,xN,N).
Some other corollaries, given for different other multiply metrics, can be given.
For example, we have the following two results.
Corollary 3. Let (X ,d) be a complete metric space and T : XN → X be a N-









d(xi,yi)2, ∀x = (x1,x2, · · ·,xN),y = (y1,y2, · · yN) ∈ XN .
Then, the system of N-fixed point equations (2.1) has a unique solution p =
(p1, p2, p3, · · ·, pN) and for any u0 = (x01,x02, · · ·,x0N) ∈ XN , the Picard iterative se-
quence {un} ⊂ XN defined by un = T n∗ (u0) converges, in the multiply metric D, to
p ∈ XN . The operator T∗ : XN → XN is defined by
T∗ : (x1,x2, · · ·,xN) 7→ (X1,X2, · · ·,XN),
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where
X1 = T (x1,1,x1,2,x1,3, · · ·,x1,N),
X2 = T (x2,1,x2,2,x2,3, · · ·,x2,N),
· · · ,
XN = T (xN,1,xN,2,xN,3, · · ·,xN,N).
Corollary 4. Let (X ,d) be a complete metric space and T : XN → X be a N-
variables mapping for which there exists h ∈ (0,1) such that, for all x = (x1,x2, · ·
·,xN),y = (y1,y2, · · yN) ∈ XN , the following condition holds
d(T x,Ty)≤ hmax{d(x1,y1), · · ·,d(xN ,yN)}.
Then, the system of N-fixed point equations (2.1) has a unique solution p =
(p1, p2, · · ·, pN) and, for any u0 = (x01,x02, · · ·,x0N) ∈ XN , the Picard iterative sequence
{un} ⊂ XN defined by un = T n∗ (u0) converges, in the multiply metric D, to p ∈ XN ,
where the operator T∗ : XN → XN is defined by
T∗ : (x1,x2, · · ·,xN) 7→ (X1,X2, · · ·,XN),
where
X1 = T (x1,1,x1,2,x1,3, · · ·,x1,N),
X2 = T (x2,1,x2,2,x2,3, · · ·,x2,N),
· · · ,
XN = T (xN,1,xN,2,xN,3, · · ·,xN,N).
In particular, for the systems (2.2) and (2.3) we get the following results.
Corollary 5. Let (X ,d) be a complete metric space, T : XN→ X be a N-variables
mapping for which there exists h ∈ (0,1) such that, for all x = (x1, · · ·,xN), y =
(y1, · · ·,yN) ∈ XN , the following condition holds
d(T x,Ty)≤ h4(d(x1,y1), · · ·,d(xN ,yN)),
where4 is a multiply metric function.
Then, the system of N-fixed point equations (2.2) has a unique solution p =
(p1, p2, · · ·, pN) and for any u0 = (x01,x02, · · ·,x0N) ∈ XN , the Picard iterative sequence
{un} ⊂ XN defined by un = T n∗ (u0) converges, in the multiply metric D, to p ∈ XN ,
where the operator T∗ : XN → XN is defined by
T∗ : (x1,x2, · · ·,xN) 7→ (X1,X2, · · ·,XN),
where
X1 = T (x1,x2,x3, · · ·,xN),
X2 = T (x2,x3,x4, · · ·,x1),
· · · ,
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XN = T (xN ,x1,x2, · · ·,xN−1).
Corollary 6. Let (X ,d) be a complete metric space, T : XN→ X be a N-variables
mapping for which there exists h ∈ (0,1) such that, for all x = (x1,x2, · · ·,xN),y =
(y1,y2, · · ·,yN) ∈ XN , the following condition holds
d(T x,Ty)≤ h4(d(x1,y1), · · ·,d(xN ,yN)),
where4 is a multiply metric function.
Then, the system of N-fixed point equations (2.3) has a unique solution p =
(p1, p2, · · ·, pN) and, for any u0 = (x01,x02, · · ·,x0N)∈ XN , the iterative sequence {un} ⊂
XN defined by un = T n∗ (u0) converges, in the multiply metric D, to p ∈ XN , where the
operator T∗ : XN → XN is defined by
T∗ : (x1,x2, · · ·,xN) 7→ (X1,X2, · · ·,XN),
where
X1 = T (x2,x3,x4, · · ·,x1),
X2 = T (x3,x4,x5, · · ·,x2),
· · · ,
XN = T (x1,x2,x3, · · ·,xN).
3. AN APPLICATION TO A SYSTEM OF FIRST ORDER DIFFERENTIAL EQUATIONS
We will give now an application of the above results to an initial value problem
related to a system of first order differential equations of the following form:
dx1
dt = f (x1,1(t),x1,2(t), · · ·,x1,N(t), t),
· · ·
dxi
dt = f (xi,1(t),xi,2(t), · · ·,xi,N(t), t),
· · ·
dxN
dt = f (xN,1(t),xN,2(t), · · ·,xN,N(t), t),
xi(t0) = x0, i = 1,2,3, · · ·,N.
(3.1)
where t0 ∈ R. We denote I := [t0− δ, t0 + δ] (where δ > 0 is a given real number)
and consider f : RN × I → R be a continuous (N + 1)-variables function satisfying
the following Lipschitz type condition
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t0 f (xN,1(τ),xN,2(τ), · · ·,xN,N(τ),τ)dτ+ x
0,
(3.2)
Let X := C[t0− δ, t0 + δ] be the linear space of continuous real functions defined on







t0 k(s)ds and L is a constant greater than N.




f (x1(τ),x2(τ), · · ·,xN(τ),τ)dτ+ x0.
For any x = (x1,x2, · · ·,xN),y = (y1,y2, · · ·,yN) ∈ XN and t ∈ I we have that
|T x(t)−Ty(t)| ≤ |
∫ t
t0


































·41(dB(x1,y1), · · · ,dB(xN ,yN))eLK(t).
Thus,
|T x(t)−Ty(t)|e−LK(t) ≤ N
L
·41(dB(x1,y1), · · · ,dB(xN ,yN)), for all t ∈ I.




·41(dB(x1,y1), · · · ,dB(xN ,yN)), for all x,y ∈ X .
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Since h := NL < 1, we conclude, by using Theorem 3, that the system of integral





3(t), · · ·,x∗N(t)) ∈ (C[t0−δ, t0 +δ])N .
Since the system (3.2) is equivalent to the system (3.1), by our approach, the existence
and uniqueness result for (3.1) follows.
On the other hand, by Theorem 3, we also know that, for any initial value
u0 = (x0,1,x0,2,x0,3, · · ·,x0,N) ∈ (C[t0−δ, t0 +δ])N ,
the iterative sequence {un} ⊂ (C[t0− δ, t0 + δ])N defined by un = T n∗ (u0) converges,
in the multiply metric D, to the unique solution of the initial value problem (3.1) (i.e.,
x∗ ∈ (C[t0−δ, t0 +δ])N), where
T∗ : (C[t0−δ, t0 +δ])N → (C[t0−δ, t0 +δ])N
is defined by














t0 f (xN,1(τ),xN,2(τ), · · ·,xN,N(τ),τ)dτ+ x
0,
and the multiply metric D used here (see Example 1) is defined by
D((x1,x2, · · ·,xN),(y1,y2, · · ·,yN)) =41(dB(x1,y1),dB(x2,y2), · · ·,dB(xN ,yN)),
for all (x1,x2, · · ·,xN), (y1,y2, · · ·,yN) ∈ (C[t0−δ, t0 +δ])N .
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[11] J. Nieto and R. Rodriguez-López, “Existence and uniqueness of fixed point in partially ordered
sets and applications to ordinary differential equations,” Acta Math. Sinica, vol. 23, no. 11, pp.
2205–2212, 2007, doi: 10.1007/s10114-005-0769-0.
[12] A. Petrusel, G. Petrusel, B. Samet, and J. Yao, “Coupled fixed point theorems for symmetric con-
tractions in b-metric spaces with applications to operator equation systems,” Fixed Point Theory,
vol. 17, pp. 457–476, 2016.
[13] Y. Su, A. Petrusel, and J.-C. Yao, “Multivariate fixed point theorems for contractions and nonex-
pansive mappings with applications,” Fixed Point Theory Appl., vol. 2016:19, pp. 1–19, 2016, doi:
10.1186/s13663-015-0493-0.
[14] Y. Su and J.-C. Yao, “Further generalized contraction mapping principle and best proxim-
ity theorem in metric spaces,” Fixed Point Theory Appl., vol. 2015:120, pp. 1–13, 2015, doi:
10.1186/s13663-015-0373-7.
[15] F. Yan, Y. Su, and Q. Feng, “A new contraction mapping principle in partially ordered met-
ric spaces and applications to ordinary differential equations,” Fixed Point Theory Appl., vol.
2012:152, pp. 1–13, 2012, doi: 10.1186/1687-1812-2012-152.
Authors’ addresses
Yongfu Su
Department of Mathematics, Tianjin Polytechnic University, Tianjin 300387, China
E-mail address: tjsuyongfu@163.com
Yinglin Luo
Department of Mathematics, Tianjin Polytechnic University, Tianjin 300387, China
E-mail address: luoyinglink@163.com
Adrian Petruşel
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